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Abstract--Thermal transport in low density silica aerogels was studied theoretically and experimentally 
over a wide range of optical thickness and ratio of radiative to conductive heat transfer. Measurements on 
the combined heat transfer were performed for aerogel densities between 5 and 220 kg m -3, for temperatures 
from 100 to 650 K, for internal gas pressures between 10 -4 and 1000 hPa and two boundary emissivities 
of 0.04 and 0.77. A high precision numerical method for the calculation of the temperature profile and the 
total (combined) heat flux in these semi-transparent, non-scattering, non-grey media is presented. Copyright 

© 1996 Elsevier Science Ltd. 

1. INTRODUCTION 

Silica aerogels consist of highly porous SiO2 with pore 
diameters generally below 100 nm [1]. As the mean 
free path of gas molecules at ambient pressure is in 
the same range, gas conductivity is not fully developed 
at 1000 hPa gas pressure and can be suppressed by 
evacuation to pressures of only 100 hPa (at an aerogel 
density of 100 kg m-3). Due to the low density (5-300 
kg m-3), heat transfer by solid conduction is rather 
small [2]. As the pore sizes are smaller than the wave- 
lengths of visible light, most aerogels are transparent 
for visible light. The transparency combined with a 
high thermal resistance makes aerogels attractive for 
special applications: as load bearing, evacuated 
spacers between glass panes for highly insulating 
windows, as a filler medium between absorber and 
cover glass in evacuated solar collectors or as granular 
material in transparent insulation systems for house 
walls or in daylighting applications. 

Heat transfer in aerogels occurs by three mech- 
anisms : solid conduction via the SiO2 skeleton, gase- 
ous conduction in the pores (which may be eliminated 
or reduced by evacuation) and thermal radiation. 

Due to the small density, solid conductivity 2~ via 
the skeleton in evacuated samples is very low (~<0.01 
W m -1 K -1. The solid conductivity 2~ scales with 
density according to 2~ oc p~, with ~t ~ 1... 2 [3-5]. 

t Author to whom correspondence should be addressed. 

As the pore sizes are much smaller than the wave- 
lengths of the infrared (IR) photons, the extinction of 
heat radiation is only caused by absorption and not 
by scattering. In these 'diluted glasses' the extinction 
coefficient E(A), which is strongly wavelength depen- 
dent, is proportional to the density p : E(A) = e(A)" p, 
with e(A) = specific extinction. 

According to the above relations the ratio of heat 
transfer by radiation to the heat transfer by solid 
conduction varies approximately inversely with the 
second to the third power of density p. Due to their 
low density, radiation is an important or even the 
dominant heat transfer mechanism in aerogels, even 
at ambient temperature. Thus the interaction of radi- 
ation with conduction in semitransparent media, a 
phenomenon which becomes of technical importance 
in glass melts in furnaces or in gases in combustion 
chambers at high temperatures, may be studied in 
aerogels experimentally even at room temperatures. 

We performed thermal heat loss measurements on 
a wide variation of the aerogel density, temperature 
and internal gas pressure and compared the results 
with a theoretical model of the heat transfer in semi- 
transparent media. For the experimental, as well as 
for the numerical, investigations of the combined heat 
transfer we chose a semi-transparent non-scattering 
planar aerogel layer covered by grey diffusely emitting 
and reflecting surfaces. 

Measurements of the total (combined) heat transfer 
were performed at temperatures up to 400°C. The 
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A absorption coefficient 
D pore size 
E extinction coefficient 
En exponential integral 
T temperature 
Trad mean temperature for radiation 
Cp specific heat 
d sample thickness 
e mass specific extinction 
f0 -m fractional function of the 1st kind 
f~AT fractional function of the 2nd kind 
i radiation intensity 
ib blackbody emission 
k heat transfer coefficient 
l mean free path 
n index of refraction 
p pressure 
q heat flux 
s radiation path 
t time 
x spatial coordinate. 

Greek symbols 
A vacuum wavelength 
ct scaling exponent 
fl constant in equation (12) 
e emissivity of surfaces 

NOMENCLATURE 

f f  

0 

2 

"~-gas,0 

# 
V 

P 
T 

"C O 

Stefan-Boltzmann constant 
angle of incidence 
thermal conductivity 
conductivity of the free gas 
cos0 
frequency 
density 
optical path/depth 
optical thickness. 

Subscripts 
v, A spectral dependent properties 
1,2 properties of the boundaries 
cond (solid and gaseous) conduction 
sc solid conduction 
gas property of the gas 
rad radiation 
tot total 
k index for the spectral bands 
i,j indices for discrete spatial coordinates 
n index for discrete steps in time. 

Superscripts 
+ in forward direction 
- in backward direction 
* apparent property or parameter for 

integration. 

relevant infrared extinction data, needed as input for 
the numerical calculations, were measured with a FT- 
infrared spectrometer. 

In the experiment the ratio of radiative to con- 
ductive heat transfer, which is an important parameter 
for the theoretical model, has been varied over several 
orders of magnitude : 

(i) by investigation of several samples of different 
density (5-220 kg m -3) ; 

(ii) by varying the mean temperature from 100 to 
670 K ; 

(iii) by varying the gaseous conduction without 
influencing the radiative properties by chang- 
ing the gas pressure (10 -4 to 1000 hPa). 

As is known from silica glass, the spectral absorp- 
tion in aerogels varies over four orders of magnitude. 
Thus the shift of the maximum of blackbody emission 
towards shorter wavelengths with temperature causes 
an additional variation of effective optical thickness 
from optical thick at lower temperatures to semi- 
transparent or transparent at elevated temperatures. 

Previous theoretical work on combined heat trans- 
fer in one-dimensional systems has been done on semi- 
transparent grey media [6-9] and on simplified non- 
grey media, mostly described by two bands [8-12]. 
Beyond these publications the numerical method in 

this work had to take into account the very large 
variation of IR-optical properties with wavelength 
and density (over six orders of magnitude) and has 
to give reliable results for any ratio of radiation to 
conduction in order to meet the investigated system. 

In the first part of this paper the theoretical model 
and the numerical method are presented. High pre- 
cision numerical results are compared with data from 
simplified systems, reported earlier by other authors. 
Then the results of the experimental investigations, 
IR-optical measurements as well as heat transfer 
measurements, are presented. These are compared 
with numerical results. 

2. THEORETICAL ANALYSIS 

2.1. Mathematical formulation 
We consider a flat layer of homogeneous, 

isotropical, non-scattering, non-convecting medium 
of thickness d between two diffusively emitting and 
reflecting surfaces at temperatures T~ and T2 (T~ > T2) 
(see Fig. 1). The boundaries are opaque and are in 
contact with the adjacent medium. In the interval 
[T~, 7"2] solid and gaseous conductivity 2~ and ,iga~, as 
well as the IR-optical properties, nv and Ev are treated 
to be temperature independent (here E,, = Av, as only 
absorption occurs). 
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x = O  x = d  

1: v = 0 "~v = TVo 

Fig. 1. Physical model. 

In general the governing equations are 

dT d 
pCp d t  d x  (qc°nd + qrad) '  

with 

2 dT dT  
qcond = - -  cond dxx = - -  (~sc -~- ~Lgas)dx x 

and 

q~ad = qrad,~ dv 
0 

(1) 

(2) 

= 2re [L+(x, lO-i;-(x , -p)]#d#dv,  (3) 

where C (x, #) and i;- (x, - #) with (0 < p ~< 1) are the 
spectral intensities in the forward and the backward 
directions, respectively, at location x. With the defi- 
nition of  the optical depth along the x-axis 
{z~(s): = p~(x)/#} and the optical thickness of  the 
investigated system (z,0: = EM) the spectral inten- 
sities are described by the equation of  transfer in the 
integrated form [14] 

(% dz* 
i, + (z,,, p) = i + (0, p)e -~J~ + l n~ib~(T(z*))e -(~-~/~ -'~, 

Jo 

i~- ( % , - # )  = i~- (~.o,--#) e-('~° ~0/u 

('~o d'r* 
+ [  n2~ib'(T(z*))e-(~*-~O#'--" 

(4) 

For a given temperature profile T(x = %/E 0 the 
spectral intensities at the surfaces i~+(0,#) and 
i£ (z~o,-#) are defined by the boundary conditions. 
For  opaque grey diffusely reflecting and emitting sur- 
faces with emissivities el, e2 and temperatures 7"1, T2 
they are independent of  direction # and can be derived 
as [13, 14] 

n 2 
i :  (o)  = 

1 - 4(1 - el)(1 - e2)E 2 (%0) 

× {e, ib~(T1)+ 2(1--~,)[ejb~(T2)E3(%o) 

+ f~"° ib, (T('c*)) (E2 ('r*) + 2(1 -- e2)E3 ('c~o) 

×E2 (Z~o- z*))dz*]}, 

n~ 
i~- (~ ,o)  - 

1-4 (1  - e,)(1 - e2)E32 ('r,o) 

× {~2ib~(T2)+ 2(1--ez)[elib~(T,)E3(%o) 

+ fl v° ib,(T(z*))(EL (~,o - ~*) 

+ 2 ( 1 -  el )E3 (T~o)E2 (z*))dr*I}, (5) 

with the exponential integrals E.(~) [15] defined by:  

;o' E.(~) = #"-2e-~/" d#. 

The spectral radiative flux q~d,. and its divergence 
at location z~ = E~x can be expressed by 

qr.d,, (%) = 2n {i + (0)E3 

fO v 2 '  * * + n, tb~(T('c.))E2(%-%)dz* 

~ o 2 • * 
- -  i~- ( ' t~ ,o)E 3 ('r,~ o - -  "r,) - -  n~ t~. ( T ( % ) )  

× E2 (Z~*-- 7:~) dz*}, (6) 

d~q~,d,~(%) = E~2x{2n2it,(T(%)) 

- i~ + (O)E2 ('r~) -- I ~" n 2 ib~(T('r*)) 
do 

x E, (% -- z*) d'~*- if- (%o)E2 (Z~o - z,) 

2" * . - n, tb,(T(%))El ('r*-'r~) dz (7) 
dx, 

Equation (1) together with equations (7) and (5) 
defies an analytical solution. Thus the temperature 
profile and the radiative intensities have to be cal- 
culated numerically in an iterative procedure for given 
temperatures and emissivities at the boundaries. 
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2.2. Numerical solution 
The numerical solution developed in this work com- 

bines approaches and ideas from several works 
reported previously ([14, 16-18] and especially [12]). 
Methods for integrating equation (3) with respect to 
wavelength, spatial coordinate and time are the fol- 
lowing. 

Wavelength. To describe the strong wavelength 
dependence of radiative properties E, and n,. a band 
model, in practice with 40 bands, has been used. 
Defining M bands (index k), equations (4)-(7) may 
be adapted to each band by substitution of v by an 
index k. The divergence of radiative flux qr~d can then 
be expressed as 

d 
~xxqra d = ~xxqr~,dd,.. (8)  

Spatial (optical) coordinate. The medium is divided 
into N sublayers of variable thickness (in practice up 
to 80). The spatial coordinates 0, x~ . . . . .  xi . . . . .  x~ = d 
correspond to the optical coordinates 0, r~.~ . . . . .  
z,,i,...,rv.u = r,,0. They define the boundaries be- 
tween these sublayers. For a fixed x position the 
optical coordinate r,. is varying with v due to the spec- 
tral dependence of E,.. In order to calculate integrals 
such as 

fo " n~ib,(T(z*)) "f(z,,, r*) dr* (9) 

in equations (6) and (7), the intensity of the blackbody 
radiation ib,.(T(T,,)) is interpolated linearly in each sub- 
layer. In the two sublayers adjacent to the point of the 
grid, where temperature and heat flux are calculated, 
a second-order polynomial approximation is used, as 
proposed by Schwander [12]. Especially for an 
optically thick medium this gives the correct result as 
expected from the Rosseland diffusion approximation 
[14]. As the functions f(r,,,z*) consist of some con- 
stants and the exponential integrals En(r*), which are 
easily integrated and differentiated, integrals (9) may 
be calculated sublayer by sublayer by partial inte- 
gration (see the Appendix). 

Time. Though in this work only steady state heat 
flux is treated, we started to solve the non-stationary 
problem. The change of temperature with time in 
equation (1) is calculated using the combined implicit/ 
explicit finite difference Crank-Nicholson method 
(CNM) [19]. 

As the CNM and the description of integrals (9) 
allow one to use a variable grid width for spatial 
coordinates, it is possible to concentrate the grid 
points at the physically important regions near the 
boundaries, where interaction of radiation and con- 
duction is most important. In order to get the best 
results for a certain number of sublayers, for any value 
of optical thickness we choose a hyperbolic density 
variation for the grid points; starting at a relative 

distance to boundary x/d = 10 - 4  ( f o r  special inves- 
tigations 10- 5) sublayers become broader towards the 
middle of the system. In order to correctly describe 
the temperature gap in the hypothetical case of pure 
radiation additionally a grid point at x/d = 10-~0 was 
selected at each boundary. 

The original CNM for diffusion problems couples 
every grid point only with the neighbouring ones. In 
order to include the long range radiation field the 
interaction of all grid points with each other (see 
Appendix) has to be included. Instead of a linear 
system, described by a matrix equation with tri- 
diagonal matrix in the original CNM, now a matrix 
equation with a completely filled matrix has to be 
solved. 

The approximation for the development 

T4+ T 4 , -  ,l~ ~ 4 T ~ ' ( T , + , - - T , ) l ,  (10) 

between times tn and t,+t linearizes the system. It is, 
however, without any influence on the steady state 
result. 

The CNM is unconditionally stable. However, for 
large time steps it tends to oscillate. Temperature 
values at each grid point--we use for the steady 
state solution infinitely large time steps (1/At = 0)--- 
oscillate between two extrema. Using the arithmetic 
mean of the current temperature and the one cal- 
culated for the next 'time' step gives an iterative 
method, which is also unconditionally stable, but 
which converges fast into the steady state result. For 
grey media the strong criterion used to stop iterations, 
i.e. a temperature change at every grid point smaller 
than 10 -17 , is already reached with five iterations, 
for non-grey media with less than 20 iterations. The 
relative variation of the calculated heat flux within the 
layer, which in the stationary state should be constant, 
ranges from 10 -3 for the worst case of a strong non- 
grey radiation-dominated system, with strong inter- 
action of radiation and conduction near the bound- 
aries, down to 10 9 for grey media without conduc- 
tion. 

The described numerical method is stable for any 
ratio of radiative to conductive heat transfer and any 
emissivity at the boundaries. 

2.3. Comparison with published data 
The theoretical work of Heaslet and Warming [20] 

considers the radiative heat transfer and temperature 
profiles in a planar, non-scattering medium between 
opaque grey diffusive boundaries, but without con- 
duction. The principal aim of their work has been to 
provide a standard of accuracy. As the reported results 
are based on the first moments (~o, fl0, cq, ill) of the X- 
and Y-functions of Chandrasekhar [22] (Ambart- 
sumians functions), calculated numerically by Sobouti 
in 1962 [21], accuracy is limited to the accuracy of 
the tabulated values (four decimals, Cto + r0 should be 
exactly 2, but is 1.9999). This explains the deviations 
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Table 1. Compar ison  of  temperature gaps and heat fluxes for grey media between black walls (e = 1), expressed by the 
dimensionless numbers  ct0, fl0 and Q. The values on the left side for z0 >/10 have been calculated by the formula given by 

Heaslet [20] 

= 1 Heaslet [20, 21] This study 
z0 ~o fl0 a s0 fl0 Q 

0.1 1.1419 0.8579 0.9157 1.14202 0.85798 0.91570 
0.2 1.2228 0.7771 0.8491 1.22287 0.77713 0.84918 
0.3 1.2838 0.7161 0.7934 1.28385 0.71615 0.79358 
0.4 1.3331 0.6668 0.7458 1.33320 0.66680 0.74586 
0.5 1.3746 0.6253 0.7040 1.37467 0.62533 0.70417 
0.6 1.4103 0.5896 0.6672 1.41034 0.58966 0.66731 
0.8 1.4692 0.5307 0.6046 1.46921 0.53079 0.60475 
1.0 1.5163 0.4836 0.5532 1.51630 0.48370 0.55341 
1.5 1.6024 0.3975 0.4572 1.60240 0.39760 0.45733 
2.0 1.6615 0.3384 0.3900 1.66150 0.33840 0.39007 
2.5 1.7051 0.2948 0.3401 1.70516 0.29484 0.34018 
3.0 1.7386 0.2613 0.3016 1.73868 0.26132 0.30166 
10 1.8989 0.1011 0.1167 1.89892 0.10108 0.11675 
100 1.9886 0.0114 1.3147"10 2 1.98862 0.01138 1.3147"10 2 
1000 1.9988 0.0012 1.3314"10 -3 1.99886 0.00114 1.3315"10 3 
10000 1.9999 0.0001 1.3331" 10 4 1.99990 0.00010 1.3331" 10 -4 

% and fl0 determine the temperature gaps T~ - T(0) and T(d)  - T~, Q is the dimension less heat flux. For e = 1 the following 
relations are valid : 

2" T4 (X = 0) -- T2 4 T 4 (x = d) - T~ q 
= ~ o ;  2 - f l o ;  Q - - -  

T 4 -  Tz 4 TI 4 -  T~ ~rT~ - a T ~  

Table 2. Compar ison for grey media between diffusely reflecting boundaries 
with e = 0.05 

= 0.05 Heaslet [20, 21] This study 

TI 4 - T '  (0) T~ - T 4 (0) 
Zo Q Q 

0.1 0.4979 2.5581 " 10 -2 0.49802 
0.2 0.4966 2.5525" 10 -2 0.49665 
0.3 0.4955 2.5471 • 10 2 0.49544 
0.4 0.4943 2.5419" 10 -2 0.49432 
0.5 0.4933 2.5368" 10 2 0.49325 
0.6 0.4922 2.5317" 10 -2 0.49222 
0.8 0.4902 2.5218" 10 -2 0.49022 
1.0 0.4883 2.5121 " 10 -2 0.48828 
1.5 0.4836 2.4884" 10 2 0.48361 
2.0 0.4791 2.4652" 10 -2 0.47909 
2.5 0.4747 2.4426" 10 2 2.47468 
3.0 0.4703 2.4204" 10 2 0.47036 
10 0.4173 2.1475" 10 -2 0.41731 
100 0.1704 8.7669" 10 -3 0.17030 
1000 0.0246 1.2673" 10 3 0.02445 
10 000 0.0026 1.3264" 10 -4 0.00233 

2.5581 • 10 -2 
2.5525" 10 -2 
2.5471"10 2 
2.5419" 10 -2 
2.5368" 10 2 
2.5317" 10 -2 
2.5219" 10 -2 
2.5122" 10 -2 
2.4885" 10 2 
2.4654" 10 -2 
2.4428" 10 2 
2.4207" 10 2 
2.1480" 10 -2 
8.7685" 10 -3 
1.2678" 10 -3 
1.3271 • 10 -4 

For  equal emissivities at both boundaries (~, = e2) 

r~ -- T4(O) T4(d)  - T~ 

r ;  - r ~  r 4 - r ~  

there is 

o f  the  r e su l t s  o f  th i s  s t u d y  to  t h a t  o f  H e a s l e t  for  op t ica l  

t h i c k n e s s e s  z0 < 10 as  dep ic t ed  in T a b l e s  1 a n d  2. 

F u r t h e r  c o m p a r i s o n  h a s  been  d o n e  w i t h  d a t a  for  

c o m b i n e d  r ad i a t i ve  a n d  c o n d u c t i v e  h e a t  t r a n s f e r  in  

g rey  m e d i a  p u b l i s h e d  by  V i s k a n t a  a n d  G r o s h  [6, 7], 

n o n - g r e y  m e d i a  (2 b a n d  m o d e l )  w i t h  b l ack  wal l s  p u b -  

l i shed by  C r o s b i e  [8] a n d  D o o r n i n k  [10] a n d  g rey  

m e d i a  p u b l i s h e d  by  A n d e r s o n  [9]. M o s t  re l iable  s e e m  

the  d a t a  o f  C r o s b i e  t h a t  h a v e  been  r e p r o d u c e d  in th i s  

s t u d y  w i th  re la t ive  d e v i a t i o n s  sma l l e r  t h e n  l0  -4. F o r  

the  o t h e r  d a t a  t he  d e v i a t i o n s  a re  in m a x i m u m  1% 

( D o o r n i n k )  a n d  0 . 5 %  ( A n d e r s o n ) .  

T a b l e  3 s h o w s  t he  h i g h  p rec i s ion  w i th  w h i c h  t he  

t e m p e r a t u r e  prof i le  m a y  a lso  be  ca l cu la t ed ,  especia l ly  
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Table 3. Comparison of several numerical solutions for a temperature profile. Data from Heaslet are based on ~0 and fl0 as 
tabulated by Sobouti ; the values in the brackets reflect their uncertainty 

Saulnier[23] Schwander[12] This study 
x/d Heaslet[20] (103 nodes) (101 points) (80 points) 

0.0 382.821 382.85 381.80 382.833 
(382.833) 

0.1 396.49 396.50 396.498 
0.2 407.32 407.30 407.325 
0.3 416.78 416.76 416.791 
0.4 425.41 425.39 425.416 
0.5 433.455 433.45 433.43 433.454 

(exact) 

0.6 441.06 441.05 441.069 
0.7 448.39 448.38 448.392 
0.8 455.56 455.54 455.565 
0.9 462.82 462.79 462.825 
1.0 471.311 471.21 471.29 471.311 

(471.317) 

Grey medium, no conduction, ro = 1, e = 1, TL = 500 K, 71"2 = 300 K. 

near the boundaries. The data of  Heaslet are standard 
again using the tabulated values of  Sobouti. The 
values in the brackets reflect the uncertainty in e0 

and rio. 

3. EXPERIMENTAL INVESTIGATIONS 

The heat fluxes of  three monolithic SiO2-aerogels 
with densities of  5, 50 and 220 kg m -3 and thicknesses 
of  ! 7.5, 6.7 and 7.9 mm, respectively, have been inves- 
tigated. The first sample with a density of  only four 
times that of  dry air has the appearance of  frozen fog, 
the last one with a density of  a tenth of  that of  bulk 
glass has the character of  a light solid body. To avoid 
the influence of  adsorbed water on the IR-optical and 
heat transfer measurements the samples were heated 
to about  600 K in vacuum for several hours prior to 
the experiments. 

3.1. Infrared optical measurements 
The spectral specific extinction e as depicted in Fig. 

2 was derived from transmission measurements per- 
formed with a Fourier-transform-infrared (FTIR)-  
spectrometer. Clearly visible is the drastic variation of  
e with wavelength, exceeding four orders of  magni- 
tude. The region between 5 and 30/~m is characterized 
by large absorption bands of  vibrational excitations 
of  the Si-O network at 9.5, 12.5 and 21 /~m. There is 
no significant difference between the various aerogels 
and no difference to data of  bulk material [24]. For  
long wavelengths (A > 30 #m), however, the structure 
of  the individual aerogel material influences the ab- 
sorption. For  short wavelength (A < 5/~m) 'impuri- 
ties', organic components and remaining OH-groups 
determine the absorption. Variations are caused by 
different preparation and different pre-treatment with 
temperature in oxidizing atmosphere or  in vacuum. 

3.2. Heat transfer measurements 
The experimental heat transfer data were derived 

with an evacuable, externally load-controlled guarded 
hot plate system (see Fig. 3). The diameter of  the 
specimens is 20 cm. The metering section is 12 cm ~ .  
A temperature controlled cylindrical guard allows one 
to cover a large temperature range (T = 100-1000 K). 
F rom two measurements at the same mean tempera- 
ture, but with different temperature differences across 
the specimens (between 2 and 20 K), radial heat losses 
and errors in measured temperatures could be cor- 
rected [5, 25]. In the following figures the amount  of  
corrections to the measured data are depicted as 'error 
bars'. The overall uncertainty is estimated to be less 
than 5%. 

Four  series of  thermal measurements were per- 
formed on each sample: emissivities e = 0.04 and 
e, = 0.7, with gas (N:) and evacuated. The covered 
temperature range was 100-650 K. At  300 K addition- 
ally the internal gas pressure was varied from 10 4 
hPa to 1000 hPa. 

4. COMPARISON OF EXPERIMENTAL AND 
NUMERICAL DATA 

For  the numerical calculations of  the heat fluxes of  
the aerogel samples some additional information is 
needed. 

Spectral data 
A flexible, temperature and sample dependent sub- 

division of  the IR-spectra to 40 bands has been used. 
Neglecting any coupling between radiation and con- 
duction and between spectral bands, the radiative flux 
in each band was chosen to be about  the same using 
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Fig. 2. Specific extinction coefficient e vs wavelength for aerogels with different densities and of different 
origin. 

f A  I T - - f A  2 T 
(11) q r a d , b a n d  OC 3 ;eA,--A2pd+ 1 

with the limits of the band AI, A2 and the fractional 
function of the 2nd kind f~r  (see ref. [16]). For ex- 
ample see Fig. 4. The influence of the index of refrac- 
tion nv is small (about 10% for the most dense sample). 
As an approximation, data calculated with the Clau- 
sius-Mossotti formula from the data of quartz glass 
[24] have been used, 

Solid conductivity )̀ so 
In the investigated temperature range for SiO2-aer- 

ogels the same temperature dependence is expected as 
for vitreous silica [3] ; data have been taken from refs. 
[11] and [26]. A geometrical factor that describes the 
porous medium may be evaluated from measured heat 
transfer coefficients at low temperatures. 

Gaesous conductivity )`gas 

In this porous system gaseous contribution may be 
described by Knudsen's formula [27] 

)`gas,0(T) 
).gas(T) (12) 

1 + 2fl!*"~ T) 

Temperature dependent values for the conductivity 
of the free nitrogen gas )`gas,0(T) and the mean free 
path of the gas molecules/,a~(T) have been taken from 
literature [28]. fl is a constant assumed to he 3. The 
characteristic pore size D may be evaluated for each 
sample from the measured dependence of the heat 
transfer coefficient with gas pressure. For example see 
Fig. 5. The fits due to the Knudsen formula (solid 
lines) give the same pore size for both surface emiss- 
ivities : D = 180 nm. 

In Figs. 6-8 measured and calculated transfer 

coefficients k are plotted vs the third power of mean 
temperature T~ad, the parameter is the surface emiss- 
ivity e; data for evacuated and non-evacuated speci- 
mens are shown. In such plots a linear variation is 
expected for grey media with temperature inde- 
pendent contributions of conduction and no inter- 
action with radiation. 

For all measurements experimental and numerical 
results coincide within the experimental uncertainties. 
The systematic deviations of the data for the evacu- 
ated samples with low e surfaces are due to difficulties 
in machining the samples plane parallel. The surface 
roughness of several tenth of millimeters becomes 
important when the interaction of radiation with con- 
duction close to the boundaries has a large influence 
on total heat transfer. The presence of larger 'pores' 
can also clearly be seen when the gas pressure is varied 
[5]. The additional heat resistance at the surface in the 
evacuated sample, due to an insufficient contact, is 
removed in the non-evacuated case, where exper- 
imental and numerical values coincide again. 

In Figs. 6 and 7 additionally, the contributions of 
solid conduction are depicted. At 300 K the solid 
conduction is the dominant transfer mechanisms for 
the 220 kg m -3 sample, for the 50 kg m -3 sample, 
its contribution is about one third of the total heat 
transfer, for the 5 kg m -3 sample no solid contribution 
can be deduced from the measurement any more. 

If the conductivity 2cond is enlarged by increasing 
the gas pressure, within the 220 kg m -3 sample no 
additional interaction of radiation with conduction 
in comparison to the evacuated sample is seen; the 
difference of the coefficient k between the non-evacu- 
ated and the evacuated sample is the same for both 
emissivities ; the gaseous contribution is simply added. 
Quite different is the situation for the 5 kg m -3 sample. 
For the evacuated sample the radiative heat exchange 
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2 hot plate with two guard-rings 1~ 
3 upper cold plate 
4 lower cold plate 10 piston 
5 tested specimen 11 ground plate 
6 heat sinks 12 flange for pumps 
7 cylindrical guard 13 small flanges 
8 high-temperature insulation 14 sensor for thickness 
9 ceramic support 15 fluid pipes 

Fig. 3. Guarded hot plate apparatus LOLA 111, which can be evacuated and externally pressure loaded. 

is about  the same as that between two surfaces facing 
each other and having an emissivity e = 0.04 (k = 4a 
T 3 a d / ( 2 / e  - 1), see interrupted dashed lines in Fig. 8). 
There is just a weak attenuation of  the radiative flux 
due to the presence of  the specimen. For  nearly black 
boundaries (e = 0.74) the radiative exchange between 
the two surfaces is reduced by about 50%, cor- 
responding to an effective optical thickness of  about 1. 

Conduction via the solid skeleton is extremely small 
for the 5 kg m 3 sample. Due to the interaction of  
conduction and radiation, otherwise larger heat losses 
would be expected for the low emissivity boundaries 

= 0.04 (see below). In the lower plot of  Fig. 8 the 
dashed line represents the heat transfer one would 
expect for a simple additive contribution of  gaseous 
conduction. In reality the interaction of  the two trans- 
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Fig. 5. Heat transfer coefficient and apparent thermal conductivity vs internal gas pressure for the sample 
with density p = 50 kg m -3, thickness d = 6.7 mm, measured at T = 293 K. 

fer mechanisms results in a combined  heat  t ransfer  
tha t  is much  larger than  the addit ive c o n t r i b u t i o n s - -  
more  t han  twice for tempera tures  above  370 K. 

This  effect was studied in more  detail  by varying 
the gas pressure (Fig. 9). The p repara t ion  of  this 
extremely light aerogel sample has been very difficult. 
The investigated aerogel sample had  a rough  surface 
and  addi t ional ly  it had  several large cracks. For  the 
measurement  with  nearly black walls (e = 0.74), 
where the effect of  in terac t ion is expected to be very 
small, a fit according to the K n u d s e n  formula  with 
two dist inguished 'pore  sizes' and  different volume 

fract ions fits the measured  da ta  quite well. The derived 
volume fract ions and  pore sizes (90% 2 # m  pores and  
10% 1.8 m m  'pores ' )  are plausible. Using  this result  
as input  for the numerical  calculat ions of  the tow e 
system the theoretical  values reflect the shape of  the 
measured  dependence of  k on  gas pressure. They are 
somewhat  larger t han  the measured  da ta  as the ther-  
mal  contac t  of  the sample with the boundar ies  is no t  
perfect. The solid line shows the the rmal  t ransfer  
coefficient of  the combined  heat  t ransfer  as the func- 
t ion of  the gas pressure for a single pore  size (2 #m).  
This  may  be compared  to the simple model  of  addit ive 
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Fig. 9. Measured and calculated heat transfer coefficient k vs internal gas pressure for an aerogel sample 
with p = 5 kg m 3, thickness d = 17.5 mm at temperature T = 293 K. 

components,  k .... +kgas (lower dashed line in Fig. 9). 
Due to the interaction of  radiation with conduction, 
there is an extraordinarily large influence of  even very 
small gaseous conductivities : for example at 0.1 hPa 
an additional gaseous conductivity in the porous sys- 
tem of 0.025 • 10 -3 W (m" K)-~ enhances the apparent 
conductivity 2* from 2.0 to 4.5" 10 -3 W ( r e ' K )  1; 
the change in apparent conductivity is thus a hundred 
times larger than the additional gaseous conductivity. 

For  small temperature differences solid and gaseous 
conductivity can be assumed to be temperature inde- 
pendent. Under  this assumption the mean heat trans- 
fer by conduction qoo,d does not  depend on the tem- 
perature profile inside the medium 

,f0 qco,ld = ~ qcond (X) dx 

1 l 'd d T  AT 
- J0 2co.d dxx dx = - d 2~o,d ~ - .  

Therefore the effect of  interaction can be attributed 
to an increase of  the radiative component.  This radi- 
ative component ,  which is the total combined heat 
transfer minus the conductive contribution, as a func- 
tion of  conductivity 2to,d, is depicted in Fig. 10. The 
amount  exceeding the horizontal dash~lot ted line (no 
conduction) is due to the interaction. The effect of  
interaction, which can be noticed as an increase of  the 
radiative component ,  already starts at extremely small 
conductive contributions represented by the dotted 
curve. The interaction contribution increases with 
increasing 2cond and approaches a constant value when 
conduction becomes the dominant  transfer mech- 
anism (point 6 in Fig. 10) and a linear temperature 

profile is reached (Fig. 11). Temperature profiles cor- 
responding to the numerated dots 1-6 of  Fig. 10 are 
depicted in Fig. 11. The large amount  of  radiative heat 
transfer, despite the low emissivity boundaries, may 
be attributed to the emission and absorption of  radi- 
ation in a small aerogel layer near the surfaces. Due 
to the steep temperature gradient at the boundaries, 
even for small conductivities, a large amount  of  heat 
is transferred from the low emissivity boundary to the 
adjacent aerogel layer on the hot  side. On the cold side 
correspondingly, heat is transferred from the aerogel 
layer to the boundary. F rom these absorbing and 
emitting 'boundary '  layers then radiation is exchanged 
with the deeper layers of  the medium. 

5. CONCLUSION 

A wide range of  optical thickness and ratio of  radi- 
ative to conductive heat transfer for non-grey media 
has been studied. Silica aerogels proved to be an ideal 
medium for studying the interaction of  radiation with 
conduction theoretically, as well as experimentally. 
For  all measurements that cover a wide variation of  
aerogel density, temperature, internal gas pressure 
and emissivity of  bounding surfaces, experimental and 
numerical results coincide within the experimental 
uncertainties. 

The developed numerical method is stable for any 
ratio of  radiative to conductive heat transfer and any 
emissivity of  the boundaries. Also the situation in 
non-grey media, with a very strong dependence of  
infrared optical properties with wavelength, is 
described accurately. Its high precision in temperature 
profile and heat flux allows one to consider even 
extreme constellations for parameter studies. 
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APPENDIX 

DEVELOPMENT OF EQUATIONS 

For easier reading the index k of  the optical coordinate 
Zk.~ = Ek'X~ has been omitted. The fraction of blackbody 
emission in band k, designed by i~(T), is calculated by 

f~i'i~d v trT4 ik(T) = = (f0-AT(A~ "T)--f0_AT(A2 "7")) 7t 
: 

(A1) 

A~ and A2 are the wavelengths at the band limits in vacuum : 
A~ = co/v~ and A2 = co/v2. The 'fractional function of the 1 st 
kind'f0 AT (see ref. [16]) describes the fraction of  blackbody 
emission, emitted in wavelength interval [0, A]. It is a func- 
tion of A" 7". Values may be calculated by polynomial and 
series expansions (see the Appendix in ref. [14]). 

Divergence of  radiative heat flux in band k [see equation (7)] 

d 
dxx qr, d.k (X,) = -- 2nEk {n~ (FI (zi) + F2 (zi)) 

+ (i~ (0) -- nk z ik (0))" E2 (z,) 

+ (i; (ro)--n~ik(ZO))" Ez(zo-- Z,) }, (A2) 

with the terms from the linear interpolation of ik(T(x)) 

U l ik(Zj+l)__ik(zj) E z z 
F , ( r i ) =  ~ ( 3(I i -  ~l , , -E3(lr i-~)+,l))  

J o T ) + I - - ~ ' j  

and the terms of  the second order polynomial in the sublayers 
adjacent to x~ 

F 2 ( r 3 = 0 ,  i f r ~ = 0  or r , = % ,  otherwise 

F2(z,) 2 Iik(Z,~,)--ik('r,) ik(Zi)--i,('C,_,) l 
T i + I  - - T i _ . I  ( "~i+ l --'~i Ti--'~t l ) 

× E3(L-z ,  , ) - -  4 

+ 3 ( 1 - - e  ,~ , ) - - 6 ( ' c i + 1  - - z i )  

x E3(z ,+t - - z i ) - -  ~ } .  

Radiative heat flux in band k [see equation (6)] 

qrad,k(Xi) = 2 = { n  2 (f~('ci) + F*('ci) ) 

+ (i; (0) - n~, ik (0))" E3 (z,) 

- -  (i ;  (%) -- n~ik(z0))" E3 (~0 - z,)}, (A3) 

with the terms of linear interpolation of ik(T(x)) and with 
sgn(0) : = - 1, 

N I ik(Tj+l)__ik(Zj) 
F*(r,) = ~ sgn(i--j)  

i -  0 "C)+ I - -  ? j  

× ( E , ( I r , - z , I ) - E , ( I z , - r j + l  I)) 

and the terms of second-order polynomial in the adjacent 
sublayers x~ 
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F*(r , )  = 0. if T, = 0 o r  r, = to, o the rwise  

F*(r,) = 
2 ~ ik ( z , . , !  ik(r,) ik{ri)--ix('C' '} 'I 

r,~ n "ri n ~ r,_ r, r, -- z, I I 

x { J ( l  e "  ~ ,i) ~ , 4 ( r , - z ,  i ) E 4 ( ' c , - r  

qr Tp [ r, r, ~ j ( I  e ) + ~ ( r , . ,  r,) 
6 

r l  i ~"i x L'~(~,. , r , )+  g -  ~. 

F o r  an  equal ly  spaced  grid (rj~ ~ r, = r , - r ,  
F * ( x , )  = O. 

it is 

lnte, qrals in equation (5) . /or  the intensities at the boundaries 

" '  ia (T(r*) )"  E2(r* ) d r*  

N I 
I • 

= 2 lk ( 0 )  - -  l k ( r o ) E  3 (~c o } + ' ~ ,  
/ : 0 

× ik(r, ,  I ) - - i~(z , )  (E4(l-/) E4(zm i)),  (A4) 
T /  ] - -7" )  

II '~ , , (T(z*)) 'E2(r( ,  "c*)dr* = i .  ; l~ ( r . )  zk(0)E3 (r~J 

+ ~  lia(rp~l) i~{r') (E4(r(i zj) E 4 ( r o - r / _ l ) ) .  (A5) 
/= II ~ /~  i -- r /  


